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◮ Basi
 questions:1. What is statisti
s?2. How 
an it be used in natural language pro
essing?
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Introdu
tionElements of statisti
al methods
Probability theoryP(x) = P({u ∈ Ω|u 7→ x}) Des
riptive statisti
sfn(x) = C (x)/n

Inferential statisti
sP(x) = fn(x) ± i
'
&

$
%

'
&

$
%

'
&

$
%

@
@

@@R

�
�

��	

Statisti
al Methods 4(84)Introdu
tionProbability theory
◮ Mathemati
al theory of un
ertainty

◮ Random experiments = events where we 
annot predi
t with
ertainty what is going to happen
◮ Examples: tossing a 
oin, tomorrow's weather

◮ Used for building models of sto
hasti
 systems
◮ Sto
hasti
 = not deterministi

◮ Sto
hasti
 systems modeled as systems of random experiments

◮ Human language is a sto
hasti
 system?
Statisti
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Introdu
tionDes
riptive statisti
s
◮ Methods for summarizing (large) data sets
◮ Example:

◮ A 
orpus 
ontains 4321 senten
es and 56789 words.
◮ The average senten
e length is 13.14 words.
◮ The shortest senten
e is 1 word long.
◮ The longest senten
e is 98 words long.

◮ The most 
ommon statisti
al measures are
◮ frequen
y 
ounts,
◮ averages,
◮ measures of variation.

Statisti
al Methods 6(84)Introdu
tionInferential statisti
s
◮ Methods for drawing inferen
es from (large) datasets
◮ Two main inferen
e types:1. Estimation: Use data to guess (predi
t) the value of someunknown quantity (population variable)2. Hypothesis testing: Use data to 
orroborate or refutehypotheses about these quantities
◮ Examples:

◮ Predi
ting the average senten
e length in all of Swedishnewspaper text from a sample of 1000 arti
les (estimation)
◮ Testing the hypothesis that the average senten
e length inSwedish newspaper text has in
reased from 1950 to 2000,using one sample from 1950 and one sample from 2000(hypothesis testing)Statisti
al Methods 7(84)



Introdu
tionRelevan
e for Language Te
hnology
◮ Three main appli
ations of statisti
s:1. Pro
essing: Use statisti
al models to pro
ess natural languageinput or output2. Learning: Use inferential statisti
s to learn from examples(
orpus data)3. Evaluation: Use statisti
s to assess the performan
e oflanguage pro
essing systems

Statisti
al Methods 8(84)Introdu
tionLanguage Pro
essing
◮ The most 
ommon use of statisti
s in language pro
essing isto use probability models for disambiguation by rankingalternative analyses with regard to their probability (or relatedmeasures su
h as entropy).
◮ Examples:1. N-gram language models in spee
h re
ognition2. Part-of-spee
h tagging using hidden Markov models3. Synta
ti
 parsing using sto
hasti
 grammars4. Word sense disambiguation using Bayesian 
lassi�ers
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Introdu
tionPart-of-Spee
h TaggingInputthe 
an smellsdt nn vbaux nnvb Analysis1. dt nn vb2. dt nn nn3. dt vb nn...
@

@@R �
���ModelP(nn | dt) > P(vb | dt)P(nn | dt) > P(aux | dt)P(vb | nn) > P(nn | nn)...Statisti
al Methods 10(84)Introdu
tionLanguage Learning

◮ Statisti
al inferen
e 
an be used to 
onstru
t theoreti
almodels from linguisti
 data.
◮ Examples:1. Estimating probabilities for part-of-spee
h tagging2. Extra
ting translation equivalents from parallel 
orpora3. Extra
ting 
ollo
ations from 
orpora

Statisti
al Methods 11(84)



Introdu
tionPart-of-Spee
h Tagging Again
◮ The probability that the word 
an realizes the part-of-spee
hnoun (nn) 
an be estimated with the relative frequen
y in a
orpus: P(
an|nn) ≈ C (
an, nn)C (nn)
◮ The probability that a noun (nn) immediately follows adeterminer (dt) 
an be estimated analogously:P(nn|dt) ≈ C (dt, nn)C (dt)

Statisti
al Methods 12(84)Introdu
tionStatisti
al Learning
◮ Supervised learning:

◮ Statisti
al estimation from labeled data sample (training data)
◮ Example: P(x) = fn(x) (MLE)
◮ Smoothing to 
ounter the e�e
t of sparse data

◮ Unsupervised learning:
◮ Learning from raw data (more di�
ult)
◮ Often based on numeri
al optimization
◮ Example:1. Guess initial estimates, e.g., P(x) = 1n2. Expe
tation-maximization to iteratively improve estimates

Statisti
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Introdu
tionEvaluation
◮ Statisti
s may be used in three ways in empiri
al evaluation oflanguage pro
essing systems:1. Des
riptive statisti
s may be used to get quantitativemeasurements of quality, e.g. error rate, pre
ision-re
all,running time.2. Estimation may be used to derive 
on�den
e intervals forquantitative measurements.3. Hypothesis testing may be used to determine whether themeasured di�eren
e between two di�erent systems issigni�
ant or not.

Statisti
al Methods 14(84)Introdu
tionPart-of-Spee
h Tagging On
e More
◮ A tagger T1 is tested on a sample of 1000 words and gets anda

ura
y rate of 0.92 (92%). How pre
ise is this measurement?0.92± 1.96√0.92 · 0.081000 = 0.92± 0.017
◮ A se
ond tagger T2 is tested on the same sample and gets ana

ura
y rate of 0.94. The varian
e of the di�eren
e betweenT1 o
h T2 is 0.13. Is T2 signi�
antly better?t =

0.02
√ 0.131000 = 1.75 < 1.96

Statisti
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Introdu
tionSummary � Introdu
tion
◮ What is statisti
s?1. Probability theory2. Des
riptive statisti
s3. Inferential statisti
s
◮ How 
an statisti
s be used in language te
hnology?1. Probability models for language pro
essing2. Statisti
al learning to build pro
essing systems3. Statisti
al evaluation of pro
essing systems

Statisti
al Methods 16(84)Probability TheoryOutlineIntrodu
tionProbability TheorySto
hasti
 VariablesStatisti
al Inferen
eLanguage Modeling
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Probability TheoryProbability Theory
◮ Topi
s:1. The notion of probability2. Probability models3. Simple and 
onditional probability
◮ Fo
us on basi
 ideas rather than te
hni
al details

Statisti
al Methods 18(84)Probability TheoryThe Notion of Probability
◮ The probability of A, P(A), is a real number between 0 and 1:1. If P(A) = 0, then A is impossible (never happens).2. If P(A) = 1, then A is ne
essary (always happens).3. If 0 < P(A) < 1, then A is possible (may happen).
◮ But what does it mean?1. Classi
al theory: #Favorable 
ases / #Possible 
ases2. Probabilities as relative frequen
ies3. Probabilities as subje
tive beliefs

Statisti
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Probability TheorySample Spa
es
◮ Sample spa
e Ω = the set of all possible elementary out
omes.1. Throw a die: Ω = {1, 2, 3, 4, 5, 6}2. Flip a 
oin: Ω = {head, tails}3. Measure the temperature: Ω = {u|u ∈ R , u > −273}4. Utter a word: Ω = {u|u is a word}
◮ Sample spa
es may be dis
rete (1, 2, 4) or 
ontinuous (3).

Statisti
al Methods 20(84)Probability TheoryEvents
◮ Event = subset of the sample spa
e Ω.1. Throw a die: At least 4 = {4, 5, 6}2. Flip a 
oin: Neither head nor tails = ∅3. Temperature: Above freezing = {u|u ∈ R , u > 0}4. Uttering a word: Uttering a noun = {u|u is a noun}
◮ For dis
rete sample spa
es, the event spa
e is the power set2Ω of the sample spa
e.

Statisti
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Probability TheoryComposite Experiments
◮ In many situations, we are interested in 
omplex phenomenathat 
an be de
omposed into simpler ones.1. Throwing two di
e: (Throwing one die, Throwing one die)2. Three-word utteran
e: (One word, One word, One word)
◮ If experiments e1, . . . , en have sample spa
es Ω1, . . . ,Ωn, thenthe 
omposite experiment (e1, . . . , en) has the sample spa
e

Ω1 × . . .× Ωn.1. Throwing two di
e: Ω = {(m, n)|1 ≤ m, n ≤ 6}2. Three-word utteran
e: Ω = {(u, v ,w)|u, v ,w are words}
Statisti
al Methods 22(84)Probability TheoryAxioms of Probability

◮ P(A) = The probability of event A.
◮ Axioms:1. P(A) ≥ 02. P(Ω) = 13. If A and B are disjoint, then P(A ∪ B) = P(A) + P(B)

Statisti
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Probability TheorySimple Probability: Examples
◮ The sum N of two di
e:1. P(N > 9) = 1/62. P(N < 4) = 1/123. P(N < 4 ∪ N > 9) = 1/4
◮ Part-of-spee
h of arbitrary word W in text:1. P(W noun) = 0.152. P(W verb) = 0.13. P(W noun ∪W verb) = 0.25

Statisti
al Methods 24(84)Probability TheorySome Useful Theorems1. P(Ω− A) = 1− P(A)2. P(∅) = 03. P(A ∪ B) = P(A) + P(B)− P(A ∩ B)4. P(A ∩ B) ≤ P(A ∪ B) ≤ P(A) + P(B)5. If A ⊆ B , then P(B − A) = P(B)− P(A)6. If A1, . . . ,An is a partitioning of Ω, thenP(B) = P(A1 ∩ B) + · · ·+ P(An ∩ B)

Statisti
al Methods 25(84)



Probability TheoryConditional Probability
◮ The probability of A given B :P(A|B) =

P(A ∩ B)P(B)

◮ Multipli
ation rule:P(A ∩ B) = P(A)P(B |A)

◮ Bayes law: P(A|B) =
P(A)P(B |A)P(B)Statisti
al Methods 26(84)Probability TheoryConditional Probability: Example 1

◮ Sum N of two di
e:1. P(N even ∩N > 9) = 1/92. P(N even) = 1/23. P(N > 9) = 1/64. P(N > 9|N even) = 2/95. P(N even|N > 9) = 2/3
Statisti
al Methods 27(84)



Probability TheoryConditional Probability: Example 2
◮ Arbitrary word W from English text:

◮ Assume:1. P(W = that) = 0.012. P(W pronoun) = 0.13. P(W = that ∩W pronoun) = 0.008
◮ Then we have:1. P(W = that|W pronoun) = 0.008/0.1 = 0.082. P(W pronoun|W = that) = 0.008/0.01 = 0.8

Statisti
al Methods 28(84)Probability TheoryIndependen
e
◮ If A and B are independent events, then1. P(A ∩ B) = P(A)P(B)2. P(A|B) = P(A)3. P(B |A) = P(B)

Statisti
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Probability TheoryIndependen
e: Example 1
◮ Sum of two di
e:1. P(�rst die = 1) = 1/62. P(N even) = 1/23. P(�rst die = 1 and N even) = 1/124. P(N even|�rst die = 1) = 1/25. P(�rst die = 1|N even) = 1/6
◮ The events are independent.

Statisti
al Methods 30(84)Probability TheoryIndependen
e: Example 2
◮ Arbitrary word W from English text:1. P(W = that) = 0.012. P(W pronoun) = 0.13. P(W = that ∩W pronoun) = 0.008
◮ The events are not independent.

Statisti
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Probability TheorySummary � Probability Theory
◮ Probability model:1. Sample spa
e Ω2. Event spa
e E3. Probability fun
tion P
◮ Important notions:1. Simple and 
onditional probability2. Independen
e

Statisti
al Methods 32(84)Sto
hasti
 VariablesOutlineIntrodu
tionProbability TheorySto
hasti
 VariablesStatisti
al Inferen
eLanguage Modeling
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Sto
hasti
 VariablesSto
hasti
 Variables
◮ Topi
s:1. Sto
hasti
 variables2. Probability fun
tions for variables3. Expe
tation and varian
e for numeri
al variables4. Basi
 information theory
◮ Still fo
us on basi
 ideas rather than te
hni
al details

Statisti
al Methods 34(84)Sto
hasti
 VariablesSto
hasti
 Variables
◮ A sto
hasti
 variable X is a fun
tion from a sample spa
e Ω(the domain of X ) to a value spa
e ΩX (the range of X ).
◮ Examples:1. The part-of-spee
h of an arbitrary word from a 
orpus is asto
hasti
 variable X with Ω = {w |w is a 
orpus token} and

ΩX = {noun, verb, adje
tive, . . .}.2. The sum of two di
e is a sto
hasti
 variable Y with
Ω = {(x , y)|1 ≤ x , y ≤ 6} and ΩY = {z |2 ≤ z ≤ 12}.

Statisti
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Sto
hasti
 VariablesDi�erent Kinds of Variables
◮ If ΩX is a subset of the set of real numbers, then X is said toto be numeri
al; otherwise it is 
ategori
al.
◮ If ΩX is �nite or 
ountably in�nite, then X is said to bedis
rete.
◮ Examples:1. The part-of-spee
h X of an arbitrary word from a 
orpus is adis
rete, 
ategori
al variable, sin
e ΩX is �nite and notnumeri
al.2. The sum Y of two di
e is a dis
rete numeri
al variable, sin
e

ΩY is �nite and numeri
al.
Statisti
al Methods 36(84)Sto
hasti
 VariablesFrequen
y Fun
tions

◮ The probability P(X = x) of variable X assuming value x isgiven by the frequen
y fun
tion fX :fX (x) = P(X = x)
◮ For dis
rete variables, this is equivalent to summing theprobability of all out
omes in Ω that are mapped to x by X :fX (x) = P({u ∈ Ω|X (u) = x}) =

∑u:X (u)=x P(u)

◮ Example: The probability of sampling a noun from a 
orpus
an be obtained by summing the probability of sampling ea
hindividual noun token in the 
orpus.Statisti
al Methods 37(84)



Sto
hasti
 VariablesVariables and Abstra
tion
ΩX

Ω

X 
hased dog 
at
verb noun fX (noun) = P({dog, 
at})

Statisti
al Methods 38(84)Sto
hasti
 VariablesDistribution Fun
tions
◮ For numeri
al variables there is also a (
umulative) distributionfun
tion FX : FX (x) = P(X ≤ x)
◮ For dis
rete numeri
al variables, the distribution fun
tion 
anbe related to the frequen
y fun
tion as follows:FX (x) =

∑y≤x fX (y)

◮ Example: The probability of getting a sum of at least 4 withtwo di
e 
an be obtained by summing the probability of thesums 2, 3 and 4.Statisti
al Methods 39(84)



Sto
hasti
 VariablesExpe
tation
◮ Let X be a dis
rete numeri
al variable with value spa
e ΩX .The expe
tation of X , E [X ], is de�ned as follows:E [X ] =

∑x∈ΩX x · fX (x)
◮ Example: The expe
tation of the sum Y of two di
e:E [Y ] =

12
∑y=2 y · fY (y) =

25236 = 7
Statisti
al Methods 40(84)Sto
hasti
 VariablesVarian
e

◮ Let X be a dis
rete sto
hasti
 variable with expe
tation µ.The varian
e of X , Var [X ], is de�ned as follows:Var [X ] = E [(X − µ)2] =
∑x∈ΩX (x − µ)2 · fX (x)

◮ Example: The varian
e of the sum Y of two di
e:Var [Y ] =

12
∑y=2(y − 7)2 · fY (y) =

21036 ≈ 5.83
Statisti
al Methods 41(84)



Sto
hasti
 VariablesEntropy
◮ Let X be a dis
rete sto
hasti
 variable. The entropy of X ,H[X ], is de�ned as follows:H[X ] = E [− log2 fX ] = −

∑x∈ΩX fX (x) log2 fX (x)
◮ Example: The entropy of the sum Y of two di
e:H[Y ] = −

12
∑y=2 fY (y) log2 fY (y) ≈ 3.27

Statisti
al Methods 42(84)Sto
hasti
 VariablesMore on Entropy
◮ The entropy of a variable X 
an be interpreted as the expe
tedamount of information (measured in bits) when learning thevalue of X : IX (x) = − log2 fX (x)
◮ Given a �nite value spa
e ΩX of size n, entropy is maximized iffX (x) = 1n for all x ∈ ΩX .
◮ Example: Entropy of the out
ome Z of an 11-sided die (2�12):H[Z ] = −

12
∑z=2 111 log2 111 ≈ 3.46

Statisti
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Sto
hasti
 VariablesJoint and Conditional Probability
◮ Let X and Y be sto
hasti
 variables with sample spa
es Ω1and Ω2 and value spa
es ΩX and ΩY , respe
tively.1. The joint probability of X and Y is given by their jointprobability fun
tion f(X ,Y ):f(X ,Y )(x , y) = P(X = x ,Y = y)

= P({(u, v) ∈ Ω1 × Ω2|X (u) = x ,Y (v) = y})2. The 
onditional probability of X given Y is given by the
onditional probability fun
tion fX |Y :fX |Y (x |y) = P(X = x |Y = y) =
P(X = x ,Y = y)P(Y = y)Statisti
al Methods 44(84)Sto
hasti
 VariablesJoint and Conditional Entropy

◮ Let X and Y be sto
hasti
 variables with value spa
es ΩX and
ΩY , respe
tively.1. Joint entropy of X and Y :H[X ,Y ] = −

∑x∈ΩX ∑y∈ΩY f(X ,Y )(x , y) log2 f(X ,Y )(x , y)2. Conditional entropy of X given Y :H[X |Y ] = −
∑x∈ΩX ∑y∈ΩY f(X ,Y )(x , y) log2 fX |Y (x |y)

Statisti
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Sto
hasti
 VariablesSto
hasti
 Ve
tors
◮ The notions of joint and 
onditional probability 
an begeneralized to arbitary ve
tors (sequen
es) of variables:1. Joint probability:P(X1 = x1, . . . ,Xn = xn) =P({(u1, . . . , un) ∈ Ω1 × · · · × Ωn|X1(u1) = x1, . . . ,Xn(un) = xn})2. Conditional probability:P(X1 = x1, . . . ,Xn = xn|Y1 = y1, . . .Ym = ym) =P(X1 = x1, . . . ,Xn = xn,Y1 = y1, . . . ,Ym = ym)P(Y1 = y1, . . . ,Ym = ym)

Statisti
al Methods 46(84)Sto
hasti
 VariablesIndependen
e
◮ Sto
hasti
 variables X1, . . . ,Xn (de�ned on the sameunderlying sample spa
e) are independent if and only if thefollowing holds for all (x1, . . . , xn) ∈ ΩX1 × . . .× ΩXn :P(X1 = x1, . . . ,Xn = xn) = P(X1 = x1) · . . . · P(Xn = xn)
◮ Corollary: If X and Y are independent variables then thefollowing 
onditions hold (for all x ∈ ΩX and y ∈ ΩY ):1. P(X = x |Y = y) = P(X = x)2. P(Y = y |X = x) = P(Y = y)

Statisti
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Sto
hasti
 VariablesPart-of-Spee
h Bigrams 1
◮ Let (X1,X2) be the parts-of-spee
h of an arbitrary bigram andlet the following probabilities be given:1. P(X1 = noun) = P(X2 = noun) = 0.22. P(X1 = adj) = P(X2 = adj) = 0.053. P(X1 = det|X2 = noun) = 0.34. P(X1 = det|X2 = adj) = 0.65. P(X1 = det|X2 6∈ {noun, adj}) = 0
◮ Question: What is P(X2 = noun|X1 = det)?

Statisti
al Methods 48(84)Sto
hasti
 VariablesPart-of-Spee
h Bigrams 2
◮ Using Bayes' law:P(X2 = noun) · P(X1 = det|X2 = noun)P(X1 = det)
◮ Using the law of total probability:P(X2 = noun) · P(X1 = det|X2 = noun)P(X1 = d|X2 = n) · P(X2 = n) + P(X1 = d|X2 = a) · P(X2 = a)
◮ Putting in the numbers:0.2 · 0.30.3 · 0.2 + 0.6 · 0.05 = 0.67Statisti
al Methods 49(84)



Sto
hasti
 VariablesPart-of-Spee
h Bigrams 3
◮ Consider:1. P(X1 = det) = 0.092. P(X2 = noun) = 0.23. P(X1 = d,X2 = n) = P(X1 = d) · P(X2 = n|X1 = d) = 0.064. P(X1 = det) · P(X2 = noun) = 0.2 · 0.09 = 0.0185. 0.018 6= 0.06
◮ Con
lusion: X1 and X2 are not independent variables.

Statisti
al Methods 50(84)Sto
hasti
 VariablesSummary � Sto
hasti
 Variables
◮ Sto
hasti
 variables:1. Numeri
 and 
ategori
al2. Dis
rete and 
ontinuous
◮ Important notions:1. Frequen
y and distribution fun
tions2. Expe
tation, varian
e and entropy3. Joint and 
onditional probability4. Independen
e

Statisti
al Methods 51(84)



Statisti
al Inferen
eOutlineIntrodu
tionProbability TheorySto
hasti
 VariablesStatisti
al Inferen
eLanguage Modeling
Statisti
al Methods 52(84)Statisti
al Inferen
eStatisti
al Inferen
e

◮ Topi
s:1. Sampling2. Estimation3. Hypothesis testing
◮ Basi
 elements of statisti
al learning

Statisti
al Methods 53(84)



Statisti
al Inferen
eSampling
◮ Let X be a sto
hasti
 variable.1. A ve
tor (X1, . . . ,Xn) of independent variables Xi with thesame distribution as X is said to be a random sample of X.2. A value ve
tor (x1, . . . , xn) su
h that X1 = x1, . . . ,Xn = xn ina parti
ular experiment is 
alled a statisti
al material.
◮ Example:

◮ Consider a 
orpus C 
onsisting of words (w1, . . . ,wn).
◮ Can we regard C as a statisti
al material resulting from asample (W1, . . . ,Wn) of the word variable W ?
◮ Why (not)?

Statisti
al Methods 54(84)Statisti
al Inferen
eSample Variables
◮ Given a random sample of a variable X , we 
an de�ne newsto
hasti
 variables that are fun
tions of the sample, 
alledsample variables:1. The sample mean: X n =

1n n
∑i=1 Xi2. The sample varian
e: sn2 =

1
(n − 1) n

∑i=1 (Xi − X n)2
◮ These variables are 
alled sample variables to distinguish themfrom the expe
tation and (true) varian
e of X , whi
h are
alled population variables or model parameters.

Statisti
al Methods 55(84)



Statisti
al Inferen
eStatisti
al Inferen
e
◮ Statisti
al inferen
e is the s
ien
e of making predi
tions orinferen
es from �nite sets of observations (samples) to(potentially in�nite) sets of new observations (populations).
◮ Two main kinds of statisti
al inferen
e:1. Estimation: Use samples and sample variables to predi
tpopulation variables.2. Hypothesis testing: Use samples and sample variables to testhypotheses about populations and population variables.

Statisti
al Methods 56(84)Statisti
al Inferen
eEstimation
◮ Two kinds of estimation:1. Point estimation: Use sample variable f (X1, . . . ,Xn) toestimate parameter φ.2. Interval estimation: Use sample variables f1(X1, . . . ,Xn) andf2(X1, . . . ,Xn) to 
onstru
t an interval su
h thatP(f1(X1, . . . ,Xn) < φ < f2(X1, . . . ,Xn)) = p, where p is the
on�den
e level adopted.

Statisti
al Methods 57(84)



Statisti
al Inferen
eMaximum Likelihood Estimation (MLE)
◮ Given a statisti
al material x1, . . . , xn and a set of parameters

θ, the likelihood fun
tion L is:L(x1, . . . , xn, θ) =

n
∏i=1Pθ(xi )where Pθ(xi ) is the probability that the variable Xi assumesthe value xi given a set of values for the parameters in θ.

◮ Maximum likelihood estimation means 
hoosing θ so that thelikelihood fun
tion is maximized:max
θ

L(x1, . . . , xn, θ)Statisti
al Methods 58(84)Statisti
al Inferen
eMLE: Example 1
◮ Given a random sample (X1, . . . ,Xn) of a numeri
al variableX , the sample mean X n is a maximum likelihood estimate ofthe expe
tation E [X ].
◮ The average senten
e length X in a 
ertain type of text 
an beestimated with the mean senten
e length in a representativesample: Ê [X ] = X n

Statisti
al Methods 59(84)



Statisti
al Inferen
eMLE: Example 2
◮ Given a random sample (X1, . . . ,Xn) of a 
ategori
al variableX , the relative frequen
y of the value x , fn(x), is a maximumlikelihood estimate of the probability P(X = x).
◮ The probability of an arbitrary word from a text being a noun
an be estimated with the relative frequen
y of nouns in asuitable 
orpus of texts:P̂(noun) = fn(noun)

Statisti
al Methods 60(84)Statisti
al Inferen
eThe Rationale of MLE
◮ We want to 
hoose the most probable model given the data:P(θ|x1, . . . , xn) =

P(x1, . . . , xn|θ)P(θ)P(x1, . . . , xn)argmax
θ

P(θ|x1, . . . , xn) = argmax
θ

P(x1, . . . , xn|θ)P(θ)

◮ If we assume a uniform distribution for P(θ), thenargmax
θ

P(θ|x1, . . . , xn) = argmax
θ

P(x1, . . . , xn|θ)

◮ The status of P(θ) is 
ontroversial in statisti
al theory(Bayesians vs. Frequentists)Statisti
al Methods 61(84)



Statisti
al Inferen
eMotivating Example (MLE)
◮ Assume two sets of two di
e:1. Two ordinary di
e2. One die with 5 on all sides; one with 2 on 2 sides, 6 on 4 sides
◮ Sums from 5 throws: <7, 11, 11, 11, 7> (data)
◮ Whi
h set of di
e was used (model)?
◮ Likelihood values:1. P(data|set 1) = 1/209952≈ 0.0000052. P(data|set 2) = 8/243 ≈ 0.033

Statisti
al Methods 62(84)Statisti
al Inferen
ePra
ti
al Considerations (MLE)
◮ MLE is a good solution to the estimation problem if thestatisti
al material is large enough. In pra
ti
e, MLE is oftensuboptimal be
ause of sparse data.
◮ Another problem is 
aused by the fa
t that the data sets usedin pra
ti
al appli
ations, su
h as language 
orpora, seldomsatisfy the 
onditions for being a true random sample.
◮ Pra
ti
al solutions to the estimation problem often use theMLE as a starting point, applying more or less sophisti
atedsmoothing te
hniques in an attempt to improve the quality ofthe estimate.Statisti
al Methods 63(84)



Statisti
al Inferen
eInterval Estimation
◮ In general, we 
an derive a 95% 
on�den
e interval for ourmaximum likelihood estimate φ̂ of a mean as follows:

φ̂± 1.96 s√nwhere s is the standard deviation of the underlying variableand n is the number of observations in our statisti
al material.
◮ Examples:1. Senten
e length: Ê [X ] = X n ± 1.96 s√n2. Noun probability: P̂(noun) = fn(noun)± 1.96 s√nStatisti
al Methods 64(84)Statisti
al Inferen
eMore on Interval Estimation
◮ The previous formulas for 95% 
on�den
e intervals are basedon the assumption that the estimated parameter has a normaldistribution, an assumption that is theoreti
ally provable in thelimit but whi
h is met to varying degrees in the samples usedin pra
ti
e.
◮ The formulas also presuppose that the true standard devian
e(varian
e) of the variable is known. In pra
ti
e, this parameterhas to be estimated from the sample as well.

Statisti
al Methods 65(84)



Statisti
al Inferen
eHypothesis Testing
1. Choose a test statisti
 t whose distribution is known when thenull hypothesis is true.2. Use t to 
al
ulate the probability p of observing the data giventhat the null hypothesis is true.3. If p < α, reje
t the null hypothesis, where α is the signi�
an
elevel adopted.

Statisti
al Methods 66(84)Statisti
al Inferen
eExample: Hypothesis Testing
◮ In a random sample of 1000 words from written texts, therewere 154 nouns. In a 
orresponding sample from trans
ribedspoken dialogues, there were only 128 nouns. Are nouns morefrequent in written language?
◮ If there is no di�eren
e, we should expe
t (154 + 128) / 2 =141 nouns in a 1000 word sample (the null hypothesis).
◮ χ2 test:1. χ2 =

∑ (O−E)2E = 2.792. P(χ2 = 2.79) with 1 df ≈ 0.1
Statisti
al Methods 67(84)



Statisti
al Inferen
eSummary � Statisti
al Inferen
e
◮ Samples and sample variables
◮ Estimation1. Point estimation (MLE)2. Interval estimation
◮ Hypothesis testing: Probability of data given null hypothesis

Statisti
al Methods 68(84)Language ModelingOutlineIntrodu
tionProbability TheorySto
hasti
 VariablesStatisti
al Inferen
eLanguage Modeling
Statisti
al Methods 69(84)



Language ModelingLanguage Modeling
◮ A sto
hasti
 (or probabilisti
) language model M is a modelthat assigns probabilities to strings in a language L:1. 0 ≤ PM(x) ≤ 1 (for all x ∈ L)2. ∑x∈L PM(x) = 1
◮ Sto
hasti
 language models are used in many NLPappli
ations:1. Spee
h re
ognition2. Ma
hine translation3. Opti
al 
hara
ter re
ognition4. Spell 
he
king

Statisti
al Methods 70(84)Language ModelingExample: Spee
h Re
ognition
◮ In a typi
al sto
hasti
 spee
h re
ognition system, we seek themost probable string of words W for a given a
ousti
 signal S :argmaxW P(W |S) = P(W )P(S |W )

◮ For example, assume that the following three word sequen
esare equally probable given only the a
ousti
 model (P(S |W )):1. drank two beers2. drank too beers3. drank two deers
◮ Whi
h interpretation would you prefer? Why?Statisti
al Methods 71(84)



Language ModelingN-Gram Models
◮ In an n-gram model, ea
h word is assumed to be dependentonly on n − 1 adja
ent words:1. Bigram model (n = 2):P(w1 · · ·wm) =

m
∏i=1 P(wi |wi−1)2. Trigram model (n = 3):P(w1 · · ·wm) =

m
∏i=1 P(wi |wi−2wi−1)

Statisti
al Methods 72(84)Language ModelingIndependen
e Assumptions
◮ A

ording to probability theory, the 
orre
t model should be:P(w1 · · ·wm) =

m
∏i=1P(wi | w1 · · ·wi−1)

◮ In an n-gram model, we make the following independen
eassumption:P(wi |w1 · · ·wi−1) = P(wi |wi−(n−1) · · ·wi−1)
◮ This is equivalent to:P(wi ) = P(wi | wj) for all j < i − (n − 1)Statisti
al Methods 73(84)



Language ModelingEstimation
◮ Given a 
orpus sampled from the language to be modeled,n-gram probabilities 
an be estimated as follows:P̂(wi | wi−1) =

C (wi−1wi )C (wi−1)P̂(wi | wi−2wi−1) =
C (wi−2wi−1wi )C (wi−2wi−1)where C (x) is the number of times the string x o

urs in the
orpus.

◮ This is a spe
ial 
ase of maximum likelihood estimation(MLE).Statisti
al Methods 74(84)Language ModelingSparse Data and Smoothing
◮ Pure MLE is suboptimal for several reasons:1. All unseen n-grams will be estimated to have probability zero.This is espe
ially problemati
 be
ause zero is the annihilatorfor multipli
ation.2. Estimates for low frequen
y n-grams are generally unreliable(
f. n-grams with 1, 2, 3 o

urren
es).
◮ Di�erent ways of avoiding zero probabilities and making theestimates for rare n-grams more reliable are known assmoothing (or dis
ounting) methods.

Statisti
al Methods 75(84)



Language ModelingCardinality Considerations
◮ Consider a vo
abulary of 100 000 (105) words:1. The number of distin
t bigrams is 1010.2. The number of distin
t trigrams is 1015.
◮ The largest available 
orpora 
ontain on the order of 1010word tokens, half of whi
h are usually hapax legomena, i.e.words o

urring only on
e.

Statisti
al Methods 76(84)Language ModelingSmoothing: The Simplest Ha
k
◮ Use MLE but avoid zero probabilities:P̂(wi | wi−2wi−1) =

{ C(wi−2wi−1wi )C(wi−2wi−1) if C (wi−2wi−1wi ) > 0
ǫ otherwise

◮ Drawba
ks:1. The resulting model is not a 
orre
t probabilisti
 model.2. Estimates are still unreliable for low-frequen
y n-grams.
Statisti
al Methods 77(84)



Language ModelingAdditive Smoothing
◮ Add k observations to ea
h n-gram 
ount:P̂(wi | wi−2wi−1) =

C (wi−2wi−1wi ) + kC (wi−2wi−1) + k · Nwwhere Nw is the number of distin
t words in the vo
abulary.
◮ Common values for k :1. Lapla
e's Law: k = 12. Lidstone's Law: k = 0.5
◮ Resulting model is theoreti
ally 
orre
t but tends tooverestimate the probability of unseen n-grams.Statisti
al Methods 78(84)Language ModelingHeld-Out Estimation
◮ Divide training data in two parts:1. Use �rst part to divide n-grams into frequen
y 
lasses, whereSm is the set of n-grams that o

ur m times.2. Use se
ond part to smooth estimates by assigning to ea
hfrequen
y 
lass the probability mass 
orresponding to itsrelative frequen
y in the se
ond subpart of the 
orpus:P̂(Sm) =

1N ∑x∈Sm C2(x)
◮ Held-out estimation 
an yield very good estimates but redu
esthe size of the e�e
tive training 
orpus.Statisti
al Methods 79(84)



Language ModelingGood-Turing Estimation
◮ Use expe
ted frequen
ies of frequen
ies to reestimate n-gram
ounts: C ∗(x) = (C (x) + 1)E [|SC(x)+1|]E [|SC(x)|]where C ∗(x) is the reestimated 
ount of n-gram x and E [|Sm|]is the expe
ted number of n-grams o

urring m times in thetraining 
orpus.
◮ Problem: How estimate expe
ted frequen
ies?
◮ Good-Turing estimation performs very well for manyprobabilisti
 models.Statisti
al Methods 80(84)Language ModelingBa
ko� Smoothing
◮ Use MLE for frequent events, ba
k o� to a simpler model forrare events:P̂(wi | wi−2wi−1) =

{

(1− d)
C(wi−2wi−1wi )C(wi−2wi−1) if C (wi−2wi−1wi ) > t

α · P̂(wi | wi−1) otherwisewhere d is a dis
ounting fa
tor (whi
h 
an be di�erentiated fordi�erent frequen
ies using Good-Turing estimation) and α is arenormalization fa
tor.
◮ Ba
ko� smoothing (in 
ombination with Good-Turing) is oneof the best smoothing methods for n-gram models.Statisti
al Methods 81(84)



Language ModelingLinear Interpolation
◮ Use a weighted sum of progressively simpler models:P̂(wi | wi−2wi−1) = λ3C (wi−2wi−1wi )C (wi−2wi−1) +λ2C (wi−1wi )C (wi−1) +λ1C (wi )Nwhere λi are 
oe�
ients, whi
h may be di�erentiated fordi�erent histories, but whi
h must always sum to 1. Why?
◮ Linear interpolation 
an be a very good smoothing method forn-gram models.

Statisti
al Methods 82(84)Language ModelingAlternative Models
◮ Attempts to develop more advan
ed probabilisti
 languagemodels:1. Larger n-grams2. Class-based models3. Grammar-based models
◮ The simple bigram and trigram models have provensurprisingly hard to beat.

Statisti
al Methods 83(84)



Language ModelingPra
ti
al Assignment
◮ N-gram models for arti�
ial blo
ks world English:put the red 
one on the squareput the blo
k on the blue square on the 
ir
le
◮ Compare unigram, bigram and trigram models
◮ Compare probability estimates to true sour
e probabilities

Statisti
al Methods 84(84)


